In this paper, we survey some generalizations of fractional integrals and derivatives and present some of their properties. Using these properties, we show that many integral equations can be solved in a much elegant way. We believe that this will blur the distinction between the integral and differential equations, and provide a systematic approach for the two of these classes.
Introduction
There is a growing interest in the area of Fractional Calculus. Considerable work has been done in this area in recent years, both in theory and its applications. Citing all papers and books in this area will be far too many. Therefore, here we cite only some few key references. Samko, Kilbas and Marichev [12] provide an encyclopedic mathematical treatment of fractional integrals and derivatives. Podlubny [10] and Kilbas, Srivastava and Trujillo [5] present many useful results, oriented to fractional order differential and integral equations, several practical applications and an extensive c 2012 Diogenes Co., Sofia pp. 700-711 , DOI: 10.2478/s13540-012-0047-7 list of work done in this area recently. Kiryakova [6] proposes a theory of a Generalized Fractional Calculus (generalizations of fractional integrals and derivatives) and their applications. One of the generalizations of the fractional calculus operators with wide applications is the Erdélyi-Kober operator. Several properties of this operator could be found in [12] , [6] and [5] . In [8] , Luchko presents some operational rules for a mixed operator of the Erdélyi-Kober type. It is discussed that these operators arise in scale invariant solutions of some partial differential equations of fractional order. In [9] , the authors investigate a Caputo type modification of the Erdélyi-Kober fractional derivative. It is shown that the relation between the Caputo-type modification of the E-K fractional derivative and the classical E-K fractional derivative is the same as the relation between the Caputo fractional derivative and the Riemann-Liouville fractional derivative. A recent survey on generalizations of fractional integrals and derivatives could be found in [7] . Readers interested in this subject should consult many other interesting references in [12] , [6] , [5] and [7] .
In this survey, we present further generalizations of fractional integrals and derivatives. Many of them appear to be similar to those given in [12] , [6] , [5] and [7] . We point out how some of the generalizations presented here and in the past are different. We present some of the properties of these generalized operators, and show that many integral equations can be written and solved in an elegant way using the new operators proposed here.
We begin with the definitions of the discussed generalized integrals and derivatives and some of their properties.
Generalized fractional integrals and derivatives and some of their properties
In this section we define the left/forward and the right/backward fractional integrals and derivatives of a function f (t) with respect to another function z(t) and weight/scale w(t), and investigate some of their properties (in this respect, please see also [12, 6] ). We assume that z(t) and w(t) are "sufficiently good."
We define the left/forward and the right/backward weighted/scaled fractional integrals of a function with respect to another function as follows:
Definition 2.1. The left/forward weighted/scaled fractional integral of order α > 0 of a function f (t) with respect to another function z(t) and weight w(t) is defined as
The right/backward weighted fractional integral of order α > 0 of a function f (t) with respect to another function z(t) and weight w(t) is defined as
We shall call them as the left/forward and the right/backward Generalized Fractional Integrals (GFIs). It should be pointed out that these definitions contain also the scaling/weight function w(t) and the function z(t) with respect to which the function f (t) is integrated.
Before to introduce the corresponding generalized fractional derivatives, we define the left/forward and the right/backward weighted/scaled ordinary (integer order) derivative of a function with respect to another function as follows. 
Definition 2.4. The right/backward weighted/scaled derivative of order 1 of a function f (t) with respect to another function z(t) and weight w(t) is defined as 
Definition 2.6. The right/backward weighted/scaled derivative of integer order m of a function f (t) with respect to another function z(t) and weight w(t) is defined as
Here, D [z,w,L] and D [z,w,R] are like the left/forward and the right/backward operators D and −D, respectively, except that they contain also functions w(t) and z(t). Note that the integer order left and right derivatives differ only by a sign. In contrast, the derivatives (
We now define the fractional derivatives by taking Generalized Fractional Integral Operators (GFIOs) and Generalized Integer Order Derivative Operator (GIODOs) sequentially. In the definition of Generalized Fractional Derivatives (GFDs), the GFIOs either can precede or succeed the GIODOs. Accordingly, we have two types of generalized derivatives as follows:
Definition 2.7. The left/forward weighted generalized fractional derivative of order α > 0 and type 1 of a function f (t) with respect to another function z(t) and weight w(t) is defined as
Definition 2.8. The right/backward weighted generalized fractional derivative of order α > 0 and type 1 of a function f (t) with respect to another function z(t) and weight w(t) is defined as
Definition 2.9. The left/forward weighted generalized fractional derivative of order α > 0 and type 2 of a function f (t) with respect to another function z(t) and weight w(t) is defined as
where m − 1 < α < m. Definition 2.10. The right/backward weighted generalized fractional derivative of order α > 0 and type 2 of a function f (t) with respect to another function z(t) and weight w(t) is defined as
where m − 1 < α < m.
In the case α is an integer, we define the derivatives and Generalized Right Caputo Derivative (GRCD) of order α, respectively. In a typical problem, we will keep w(x) and z(x) constant, and therefore there is no need to mention these functions in the definitions. However, if necessary, one can add the phrase "with respect to a function z(t) and weight w(t)."
At this point, we would like to make the following Remarks:
(1) Generalized fractional integrals with specific functions z(t) and with weights w(t) could be found in [12] and [6] . To our knowledge, the other operators defined here are new, and they were first presented in [3] where some of the properties of these operators have been given, and the operators been applied to develop some formulations for Generalized Fractional Variational Calculus. (2) One can consider different functions z(t) and weights w(t) in eqs.
(2.1), (2.2), (2.7) to (2.10) to obtain different fractional derivatives. For example, for (w(t) = 1, z(t) = t), (w(t) = 1, z(t) = ln(t)) and (w(t) = t ση , z(t) = t σ ) these equations reduce to the left/forward and right/backward RL and Caputo, Hadamard and modified Erdélyi-Kober type fractional integrals and derivatives. By changing the function z(t) and weight w(t), one can generate many other types of Fractional Derivatives. (3) By splitting the generalized integral operators and combining them with the generalized differential operators, we can define generalized Hilfer type derivatives, and by linearly combining the generalized integral and derivatives, we can generate generalized Riesz, symmetric, anti-symmetric, and skewed fractional integral and derivatives (see [4] and [2] ). (4) The generalized integral and differential operators use power type kernel, but this need not be the case. A formulation of integral and differential operators with arbitrary kernels appears in [1] , and how the integrals and differential operators defined here can be further generalized using arbitrary kernels is given in [3] . 
(2.13) Several other properties of the generalized integral and differential operators defined above, including integration by parts formula and relationships between the generalized RL and Caputo derivatives are given in [3] .
We now show how many of the integral equations can be defined and solved elegantly using the operators and their properties defined above.
Application of generalized operators of FC to integral equations
In this section, we consider several applications of the generalized integral and derivative operators (defined above) in solving fractional order integral equations. Let us first examine some similarities and differences between the left Erdélyi-Kober type fractional integrals and derivatives (see [12, 6, 5] ) and the left generalized fractional integrals and derivatives given by eqs. (2.1) and (2.7). The left Erdélyi-Kober operators for σ = 1, a = 0 and 0 < α < 1 (in the notation of [5] ) are given as
Note that x −η here appears similar to (but not exactly like) the weight function w(x) in eqs. (2.1) and (2.7). Now if we take y(x) = x β , then eqs. 
In contrast, if we take z(x) = x, w(x) = x η , f (x) = x β and a = 0 in eqs. (2.1) and (2.7), we obtain
Note that for the function considered, in the case of left Erdélyi-Kober fractional integration and differentiation only the coefficient of the function changes, and the results do not follow the behavior of the exponents, namely integration (differentiation) of order α does not increase (decrease) the exponent of x β by α. In contrast, the operators proposed here do preserve the behavior of the exponents. In addition, by taking different values for η the restriction on β could also be altered. Of course by taking other functions for z(x) and w(x) in eqs. [11] where solutions to the same problems are also provided.
We first consider linear equations of the first kind.
Example 1. As a first example, consider the following integral equation
In addition, the right-hand side of the equation is assumed to satisfy the conditions
The solution of this problem is given in [11] as
(3.9) Equation (3.7) can be written in terms of the operators defined above as
is the left inverse of I n+1 a+; [g,1] , and therefore the solution of eq. (3.10) is given as
Note that in this example, the weight is 1 and the integer order integral operator is used to define the problem. It can be shown that eqs. (3.9) and (3.11) are the same. Several cases of this problem can be considered.
For example, if g(t) = t 2 and n = 1, then the problem and its solution in standard and operator forms are given as
. If g(t) = t 3 and n = 1, then the problem and its solution in standard and operator forms are given as
. If g(t) = ln(t) and n = 1, then the problem and its solution in standard and operator forms are given as
Example 2. As a second example, consider the following integral equation
. (3.13) Equation (3.12) can be written in terms of the operators defined above as,
and the solution of which is given as
It can be shown that eqs. (3.13) and (3.15) are the same. Note that in this example also, the weight is 1, but the problem and its solution are defined using generalized 1/2 order integral and derivative operators. Several special cases can be considered for this example also. As a quick special case, note that for g(t) = t, eq. (3.12) represents the Abel's equation. This problem and its solution in standard and the generalized operators are given as
Let us consider one more special case for this example. If g(x) = sinh(x), then the problem and its solution in standard and generalized operator forms are given as
Example 3. As a third example, consider the following integral equation
The solution of this problem is given as [11] :
Equation (3.16) can be written in terms of the generalized operators as
and its solution can be is found as
It can be shown that eqs. (3.17) and (3.19) are the same. Note that in this example the weight is e −λx , and the problem and its solution are defined using generalized 1/2 order integral and derivative operators. Several special cases can be considered for this example also; we shall consider here only one. If g(x) = − cos(x), then the problem and its solution in standard and generalized operator forms are given as 
We now consider an example of linear equation of the second kind.
Example 4.
As an application of the operators presented above to linear integral equations of the second kind, consider the following integral equation
In terms of the operators defined above, this equation can be written as Using operational method and the semi-group property of the generalized integral operator, eq. (3.22) can be written as
where F (x) is given as
Note that the second term on the right hand side of eq. (3.23) can be thought of as a further generalization of a fractional integral where the kernel is given by e πλ 2 (z(x)−z(t)) and not by a fractional power term. Some of the properties of fractional operators where the kernel is not a fractional power term are investigated in [1] and [3] . Other properties of such operators will be examined in a future paper. We now consider two special cases for this example. As a first case, take w(x) = 1 and z(t) = t. For this case, the integral equation is written as
the solutions of which obtained by using the above scheme and that given in [11] agree, and this solution is given as
where
As a second case, consider w(x) = e −bx and z(t) = t. For this case, the integral equation and its solution obtained using the above scheme are written as
and
Using some algebraic manipulations, it can be verified that the solution given here is the same as that given in [11] . Many special cases of these example are given in Polyanin and Manzhirov [11] . We have applied our approach successfully to some of these special cases and to other integral equations.
Additional Remarks. As a first remark, note that historically, one of the arguments given for the inadequate progress in fractional calculus compared to progress in traditional calculus is that fractional calculus had very few applications. However, also note that Abel's equation is considered as one of the earliest practical example in the field of fractional calculus. This equation was introduced nearly two centuries ago. It is essentially an integral equation, a field that has grown significantly, and that has been applied in many areas of mathematics, physics, engineering sciences, economics, and bioengineering. In spite of the close connections between the two fields, the researchers in fractional calculus did not take full advantage of the progress made in integral equations and vice versa. Over the years, the two fields (namely integral equations and fractional derivatives) are coming closer, and the new operators proposed here further blur the distinction between the two fields. Thus, many of the problems defined in integral equations can be viewed as applications of Generalized Fractional Calculus.
As a second remark, we note that many aspects of the generalized fractional integral and derivative operators have been discussed in [6] and some of them can be extended to operators proposed here. Efforts in this direction are in progress, and the results of this work will be presented in the future.
Conclusions
In this paper, we defined generalized fractional integral and differential operators and presented some of their properties. Some of these operators were introduced in the literature sometime ago, the other operators are assumed to be new. We demonstrated that many integral equations can be written in terms of these generalized FC operators, and the resulting equations can be solved elegantly using the properties of these operators. The new operators further blur the distinction between the integral and fractional differential equations. It is hoped that this observation will benefit the two fields.
